Chapter 3 SERIES OF FUNCTIONS

We have already run into series developments of functions several times:
the exponential, sine, cosine functions were expanded into power series;
Taylor’s theorem provides a way to develop series expansions for suitable
functions; the exponential of a matrix gives us the only sure way to “solve”
a system of constant coefficient linear equations. We shall see in this chapter
that a general technique for solving a differential equation involves approxi-
mation of the solution by series expansions.

We shall begin by formulating the definition of convergence of a series of
continuous functions and verifying the general criteria guaranteeing conver-
gence. One of the most important of series expansions is that of power series.
We shall say that a function is amalytic if it can be locally developed into a
power series. We shall finally verify the fundamental theorem of algebra
and complete the discussion of constant coefficient equations. We have
delayed this until now because the kind of analytic techniques involved in the
fundamental theorem are those which are most appropriately developed for
the class of analytic functions. Further techniques for operating with
power series will be explored, as well as the question of estimation of the error
in replacing the power series by a partial sum.
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5.1 Convergence 401

5.1 Convergence

Definition 1. Let {f,} be a sequence of continuous functions defined on a
subset X of R". The series formed of the {f,} is the sequence of partial sums
{%-1/}. We say that the series converges if the sequence of these partial
sum converges (in the sense of Definition 19 of Chapter 2), and denote the
limit by Y 2., fi.

Precisely then, f=)%, f; if, corresponding to every ¢ > 0, there is an
N such that

<eg foralln>Nandxe X

10 = 3100

Since the limit of a uniformly convergent sequence of functions is continuous
(Theorem 2.14), we can assert that the sum of a convergent series of con-
tinuous functions is continuous. Likewise, from the Cauchy criterion for
sequences, we obtain a corresponding criterion for the convergence of series.

Proposition 1. (Cauchy Criterion) Let {f,} be a sequence of continuous
functions. The series Y f, converges if and only if, to each ¢ >0 there cor-
respond an N such that

Y fli<e foralln,m>N

k=n+1

Proof. We must show that the sequence gn= -, fi satisfies the Cauchy
criterion. For a given ¢ > 0, let N be as in the proposition. Then, for any x,
m>n>N

m

< <&

S

k=n+1

i S(x)

k=n+1

[gm(X) — gu(x)| =

Thus ||gm — gull < &, so the proposition is proven.

Notice that the Cauchy criterion is guaranteed if the series of real numbers

Yo, £l converges (for |Yfnssfill < Xiysy Ifil). This gives us a
powerful technique for verifying convergence of series.

Definition 2. Let {f;} be a sequence of continuous functions defined on a
set X. The series is said to converge absolutely if > 2%, || il < co.
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Of course, as remarked above, an absolutely convergent series is conver-
gent. In the case of absolute convergence we can pose a comparison test,
just as for series of numbers.

Theorem 5.1. (Comparison Test) Let {f,} be a sequence of continuous
Sunctions defined on a set X. Suppose there is a sequence {p,} of positive
numbers and an integer N > 0 such that

@ Il <py,  fork=N
e X
(il) Y pr<
k=1
Then Y f, converges absolutely.
Proof. The verification is the same as that for number series (Theorem 2.3).

Examples

1. Y z*=1/(1 — z) uniformly and absolutely in {|z| < r} for any
r< 1. For ||z*| < r*in that domain, and

2. Y z* does not converge uniformly in {|z| <1}. In fact, the
series is not a Cauchy sequence of functions, because for every n,

n+1

- S
k=1 k=1

= [l =1

Thus, for & =4, say, there is no N such that |} 7, fill <1 for all
m>n=> N, in fact, not even form =n + 1.

3. " =Y Z¥k! converges uniformly in any disk {|z| < R} with
R finite. Again, by comparison

Zk

k!

Rk Rk
SE and Zm<oo
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converges uniformly on the whole real line. For any x,

Cos nx

2

1
n 2

n

<

Since Y. 1/n* < oo the comparison test easily applies.

5. If {a,)} is any sequence of numbers such that ) |4, < co, then
f@=Y2, a,z* is a continuous function on the closed unit disk.

The series converges uniformly since |, z*|| < |a|.
Finally, for the purpose of availability, we record the obvious extensions
to series of the propositions concerning integration and differentiation of
sequences of functions.

Proposition 2.

(i) Let {f,} be a sequence of continuous functions on the interval [a, b].
Let g,(x) = [Z f,. If the series of functions Y. f converges, so does the series
Y gu, and

El ff -[ (nilf") (5.1)

a

(i) Let {f,} be a sequence of continuously differentiable functions on the
interval [a, b]. Let g,=f,. If the series of functions Y. g, converges, and
for some ¢, Y. f,(c) converges, then the series " f, converges. The limit is
continuously differentiable and

Y =x5 (5.2)
Examples
6.
@ xk
1n(1—x)=zz -l<x<l
k=1



404

5 Series of Functions

This follows by integrating the geometric series (Example 1) term by
term:

x 1 ] x
—_— = t*
ol—1t k;OfO
o k1 o 4k
In(1 —x)= = -
n(l —x) RZO k+1 kzﬁ k
7.
COs nx
f)=13%

is infinitely differentiable. For the differentiated series

* sin nx
— ~ = 53
,,;1 (n - 1)' ( )
is also convergent. By Proposition 2(ii) the sum is f'(x). Similarly,
the series (5.3) can be differentiated term by term, and gives

X nCos nx
n=1 (n - 1)!

which is again convergent.

8. We can develop a series expansion for arc tan x according to the
following observations. From the geometric series

0
1 — k
= X
1—x k=0

we obtain by substituting — x? for x

1 = i (_ l)kx2k
1+x* 5
Integrate:
© ' x2k+1
t = -1
arctan x k;()( ) T
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e EXERCISES

1. For what values of x do these series of functions converge absolutely:

@) '202%" @ 20 (x + 18y

b) ’él COJSc"nx (e) ij esinnx
(C) io P (f) io x(nz)

@ 2nz (b)) > - © D ntem

n=0 n=0 (2”)' n=0

3. Which of these series can be differentiated or integrated on their
domain of convergence?

(a) Exercise 1(a) (¢) Exercise 1(d)

COS nx

(b) Exercise (o)  (d) io

nZ

4. Find the power series expansion for these functions:

_1___ fx 2 dt
(@) ERTY ©) . €

d {14+x = dt
®) Zc(l—x) @ f01+t4

® PROBLEMS

1. (a) Find a power series expansion for sin x cos x.
(Hint: 2 sin x cos x = sin 2x.)

(b) Find power series expansions for sin® x and cos? x.
2. Prove Proposition 2.
3. Show that

2 X"
lim > —=log2
x+—1n=1 N
Can you conclude
-1y

n

=log2?
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5.2 The Fundamental Theorem of Algebra

For the remainder of this chapter we restrict attention exclusively to
complex-valued functions of a complex variable. The simplest class of such
functions are the polynomial functions; that is, functions of the form

P =a,2"+a,_ 2" '+ az+a,,

(where the g; are complex numbers). We shall always assume a, # 0; in
this case n is called the degree of P. It is a basic fact of mathematics that
every polynomial has a root; that is, there is a number ¢ € C such that P(c) =
0. The proof of this fact consists in a systematic investigation of the analytic
properties of polynomials. First, we recall de Moivre’s theorem.

Lemma. Fvery nonzero complex number has n distinct nth roots.

Proof. Let ce C, c #0. For this purpose, the polar representation ¢ = re® is
most convenient. An nth root of ¢ is a number w = pe'® such that p" =r and
e'"* = ¢'; that is, nd — 0 is an integral multiple of 27. Let

27 4ar 27k 2a(n—1)
Ol = ——, 0y = ——, ., O T .., O =, oy =27
n n n
Then wy =exp(iai), ..., w. =exp(ix,) are all distinct and have the property
(wn)"=1. These are called the nth roots of unity. Now, if p = (r)'* and ¢ = 0/n,
then (pe'®)' =re’” =c. The numbers pe'®w, ..., pe'wy, ..., pe'®w, are then all

distinct, and are all nth roots of c.

Now, we need two deeper facts depending on the continuity properties of
polynomials. The first is intuitively clear: that | P(z)| gets arbitrarily large as
z - 0. The second is the crucial fact for the fundamental theorem: the
place where a polynomial has a minimum modulus must be a root.

Lemma. LetP(z)=a,z"+ -+ a.z + a, be a polynomial of degree n > 0.
(i) lim [P(2)| = oo, that is, given any M > O there is a K > 0 such that

|Z|—>00

|P(2)] = M whenever |z| > K.
(ii) If P(zy) # 0, then z, cannot be a minimum point for |P|; that is, there
are z close to z, such that | P(z)| < |P(zy)|.
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Proof.

(i) The point here is that the highest-degree term of P is the dominating term as
regards the behavior of P as z— . For z #0,

IP(2)| = |z|"

n—1 ax
at > —
k=0 Z

If |z| > K >1, then |z|"~* > K also for k <n, so

n=1 q. 1 [n=3
a + kZO ;.—_-,‘\ = lal — % (,Zo]akl)
Let M > 0 be given, and choose

n—-1
K:max(l, 2M aa| 74, 2 || ™ (,Zo |ak|))

Then, for |z| > K,

n—1 ak
amt 2 oo X =)

1 ORz8 la 1
lz |2 (1 - @_(Z__lfl_l)) == |anl

Thus
[P(z)| = |zI" - $lanl = K - }laal =M
(ii) Suppose now that P(zo) #0. Let
Q(z) =(P(20))"*P(z + 20)

Then Q is also a polynomial, Q(0) =1, and we must show that 0 is not a minimum
point for Q. Let

0(2) =1 +k§1 arz* =1+ z™(an + 29(2))

o

where m is chosen as the least positive integer k for which a, # 0, and g(2) =
Shemer Y g is a polynomial and is thus continuous (and that is all we
need to know about g). Here again we want to use the fact that for small z, z™
dominates z™**, so Q is very close to the polynomial 1 + z"a,, which has no minimum
modulus at 0 (choose z so that z™ = —r/am with r < 1).

In our case, we choose an mth root of —apt; call it zo, and consider the function
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Q(rzo) of a real variable . We have
Q(rzo) =1+ r"(—1+4rh(r))

where h(r) = —an'g(rz,) is a continuous complex-valued function. Thus
1Q(rzo)l < 11— ™| + rm+2 |h(r)|

Now lim rh(r) =0, so we can choose r, <<1 small enough so that |ro h(ro)| < 3.
r=+0

Then

[Q(rzo)| <1 —ro"+ro"(3) <1 — 4" < 1
which proves part (ii).

Theorem 5.2. (Fundamental Theorem of Algebra) Let P be a polynomial of
positive degree. There is a z, € C such that P(z,) = 0.

Proof. Let P(0)=c,. By part (i) of the lemma, there is a K > 0 such that for
|z| = K, |P(z)| = |col. Now A={ze C;|z| <K} is compact, so |P| attains a
minimum value on 4, say at z,. But then z, is a minimum point for all of C. For,
since 0 € A, |P(z0)| < |P(0)| = co, and for z ¢ A, |P(z)| = co > |P(z0)|. Thus, even
for z ¢ A, we have |P(z,)] < |P(z)|. But then, by part (ii), there is no alternative: we
must have P(z,) = 0.

Factorization Theory

We should recall that if ¢ is a zero of the polynomial P, then z — ¢ factors P
(this is proven below in Theorem 5.3). Thus P(z) = (z — ¢)Q(z) and Q has
degree 1 less than that of P. If deg Q > 0, Q has a zero ¢’, which is also a
zero of P.  Further, Q(z) = (z — ¢')Q’(z) and we can repeat this argument in
order to find exactly deg P zeros of P. This is the factorization theorem of
algebra.

Theorem 5.3. (Factorization Theorem) Let P be a polynomial of degree
n> 0. There are complex numbers a # 0, z,, ..., z, such that

Pz)=alz—z) " (z—z,)

Proof. The proof is by induction on n. If n =1 the situation is simple:

P(z) = - s
(z)—alz—i—ao—al(z——( Z ))
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(sincea; #0). Now we consider the case of general degree n, assuming the corollary
for polynomials of degree n — 1. By the theorem, there is a point ¢ such that
P(c) =0. Then

P =P@— P = 3 et~ e = S ate— o Zrem)

—u—oz(z kljﬂ

The factor on the right is a polynomial of degree » — 1, so the induction assumption
applies: it can be written as a(z —z,) *** (z — zs-1) for suitable a #0, zy, ..., Zn-s.
Thus, writing ¢ = z., we obtain

P@)=alz—z1) " (z— zn) .4

This factorization is clearly unique, except for the order of the z;’s: a is the
leading coefficient of P and {z,...,z,} are the roots of P. Of course,
Zy, ..., 2z, need not be distinct; let ry, ..., r, be the set of distinct roots. If
we let m; be the number of occurrences of the root r; in the list {z, ..., z},
m; is called the multiplicity of the root r;. We can rewrite (5.4) as

Py =a(z—r)™ - (z—r)™ (5.5

and clearly m, + + -+ + m, = n, the degree of P.

"Before concludmg this section we should remark on the factor1zat1on of
real polynomials. Real polynomials need not have real roots (viz., z% + 1
= 0), but their complex roots come in conjugate pairs. Let P(zy=a,z"+ -

+ a,z + a, be a real polynomial. If P(r) =0, then

P(A) =a,(F)' + +a)f + ap=(@,r" + -+ + &1z + do)~ =P~ =
so 7 is also a root of P. Since

(z—rz—F) =2~ (r+Pz+ri=2"—2Re(z + 7|2
the polynomial has real coefficients. Thus, if we rearrange the roots of P

into the real roots ry, ..., r, and the conjugate pairs reiy, Fusrs - -5 Fes F, we
can rewrite the factonzatlon (5.5) into a product of linear and quadrauc

real polynomials.

P(z) = a(z—r)™ (z - "k)mk(zz — 2 Re(res )z + |rk+1|2)
(Zz -2 Re(rt)z + lrtlz)
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® PROBLEMS

4. Let w,,..., w, be the n nth roots of unity. Show that they are
arranged at n equidistant points around the unit circle. Show that the sets
{wi, .., wal, {wr, w2, ..., 0t} are the same, if w; is the nearest such
point to 1.

5. Let wi, ..., w, be the nth roots of unity. Choose & so that kn— 2 is
divisible by 4. Show that i*w;, ..., i*w, are the nth roots of —1.

6. Show that: (a) deg PQ = deg P+ deg Q.

(b) deg(P+ Q) =max(deg P, deg Q) if deg P +# deg Q.
(c) When is the equation in (b) not true?

7. Given two polynomials P, Q show that there is a polynomial R which
factors both P, Q and is factored by any polynomial which factors both
P, 0. Ris called the greatest common divisor of P and Q.

8. Show that a real polynomial of odd degree has a real root.

9. Prove that the polynomial 1 + z™a,, (m > 0) has no minimum modulus
at z=0.

10. For P(z) = >%_o a.z" a polynomial, let

N
P(z)= > na,z"~*
n=1

(a) Verify that the transformation P — P’ is linear and satisfies
(PQY =PQ’ +P'Q
(by induction on deg P).
(P —P’ is a complex analog of differentiation)

(b) Prove that r is a multiple root of P if and only if P(r) =0 and
P'(r)=0.

(¢) Define P =(P’Y, P"'=(P"y, and so on. Then r is a root of P
of at least multiplicity m if and only if P(r)=P'(r)=--- =P (r)=0.

5.3 Constant Coeflicient Linear Differential Equations

Now that we know the factorization theorem for polynomials we can return
to complete the study of constant coefficient equations in one unknown func-

tion.

Let L be a constant coefficient differential operator of order k; that is,

L is a mapping from functions to functions defined by

L) =%+ Taf®  aec 56
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Corresponding to L is the polynomial

k—

1
PL(X) = Xk + ZaiXi
i=0

called the characteristic polynomial of L. We recall the facts that we already
know about such differential operators.

Theorem 5.4. Let L be given by (5.6). The collection S(L) of solutions of
the equation Lf = 0 is an n-dimensional vector space of infinitely differentiable
functions. If r is a root of P (X) =0, then &% € S(L).

Now if all the roots of the characteristic polynomial are distinct, we have n
solutions of Lf =0, and it is easily verified (Problem 11) that they are inde-
pendent. Thus they span S(L). To examine the case of multiple roots,
we must examine more closely the relationship between the given differential
operator and its characteristic polynomial. If P is a polynomial, we will let
L, represent the corresponding operator; that is, for P(X)=)7_, a;x', Lp
is defined by

Lo(f) = Yaif®

Now, from what we already know about these differential equations we can
guess that the factorization of P will tell us all we want to know about Lp.
In fact, we can factor the corresponding operator accordingly as the next
lemma shows.

Lemma 1. LP+Q=LP+LQ; LPQ=LPLQ'

Proof. Of course, Ly Lo is defined as the composition of operators: (L Lo)(f) =
Lo(Lo(f)). The first equation is obvious. The second takes a little work. We
will prove it by induction on the degree of P. If deg P =0, that is, P(x) = ao, then
PO =a, 0 and Lro(f) = ao Lo(f) = La(Lo(f)), for any sufficiently differentiable
function /. Now suppose the lemma is true for all polynomials of degree n. Let P
be a polynomial of degree n+ 1. If a is a root of P, we can write P(X)=
(X — a)S(X), where S is a polynomial of degree n. Thus, by hypothesis,
Lso=LsLo. We have left only to verify the lemma for polynomials of degree 1.
That is, we must show that if R is a polynomial of degree 1 and T is any polynomial,
then Lgr =LrzLr. For once this is verified, we take R(X)= X —a, so that

P=RS. Then

Lpo=Lrso =LrLsq=LrLslo=LrsLo=1LrLo
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So,let R(X) =X —a, T(X) = Sto b X'. Then
RT() = 5 (b1 — abis) X'* — abo
i=0

Now we compute LgLr:

LaLa(/) =LR(§oblf<“) = 3 sy —aZbiso

ME

(b: - ab,+1)f"“’ — abof

(1)
The lemma is proven.

It follows from the lemma that if Q is a factor of P, then any solution
of Lpo(f) = 0 is a solution of Lp(f) =0. Now let P be a given polynomial.
We can, by the factorization theorem, write P as a product of first-order
factors.

P(X)=(X —a)™ (X —a)™  withm, + = +m,=deg P

Because of Lemma 1 the solutions corresponding to the factors (X — a)™
are in S(Lp). Thus we need to discover the solutions of the differential
equation Lp(f) = 0, where P(X) = (X — o)™,

Consider, for example, the differential operator corresponding to (X — c)?.
We know one solution: ¢°*; we find another by the technique of variation of
parameters. (X —¢)> = X? —2¢X + ¢%. Test the operator on y = ze*.

Yy =z'e* + zce®* Y =z"¢"* + 27'ce”* + zc%e*
Then
Y =2y +c*y=2¢*=0 or z'=0

Thus z = x, and the second solution is xe‘*. We can guess then that the
general situation is this.

Lemma 2. The solutions of Lix_ym(f) = 0 are spanned by e, xe*, ...,

m—1_,cx

X e,

Proof. We have to show that the named functions are solutions. We do that
by induction. The case m =1 is already known (by Lemma 1). Thus we may
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assume the lemma for a given value of m, and prove it for m + 1. By Lemma 2, we
need only verify that L, _m+1(x"e®) is zero. But this is

L(x_c)mL(x_c)(xmecx) =L(X_c)m(mxm—1ecx _|_ cxett — cxmecx)

=L y_ym(mx™"1e) =0
by induction.

Theorem 5.5. Let p(X) = X" + Y124 a; X' be a polynomial with complex
coefficients. Letay, ..., a, be the roots of p(X) = 0 with multiplicities my, . ..,
my, respectively. Then the space S(L,) of solutions of the differential equation

L) =™ + ¥, af® = 0

is the linear span of the functions x’e™*,0 <j < m,.

® EXERCISES

5. Solve these differential equations:
@ y —5"+8'—4y=0,y0)=0,y(0)=0,y0) =1
(b) y"—y" —=5=3y=0,y0)=1, y(0)=2, y(0) = —1.
© y —6y"+12y =8y =0,y0)=1,5(0)=0,y(0) =1
d y =3y +3y—y=0,y0)=3,y0)=2y0) =1
€ y*+2y"+y=0 %0 =2,y0)=2,y0)=2,y"(0)=2.
) y® + 49" — 29" — 12y’ 4+ 9y =0, (0) = y'(0) = y"(0) =1,
y7(0) =0.
(® »y*®—3y"+42y=0,»0)=0,y(0)=y"(0)=y"(0)=1.

& PROBLEMS

11. (a) Show that if ry, ..., r, are n distinct numbers, the matrix
o
rlz I',,2
S R

is nonsingular. (Hint: If the rows are dependent, we obtain a poly-
nomial of degree n — 1 with # distinct roots.)

(b) The functions exp(rix),...,exp(r.x) are independent. (Hint:
If these functions were dependent, we would be able to prove that the
columns of the above matrix are dependent.)
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5.4 Solutions in Series

If now we are given a linear differential equation which is not homogeneous,
or has variable coefficients, we have a problem of a much different magnitude.
In general, such problems cannot be solved explicitly. Thus, we must seek
ways to obtain approximate solutions. This is one of the places where
series representations of functions are usable. The procedure of series
approximation has two aspects. First, we must establish the theoretical
validity of such a technique and, secondly (and this is essential from the
practical point of view), we need a technique for effectively computing the
error. In this section we shall describe this procedure, deferring these two
essential points (which turn out to be the same!) until Section 5.7.

First, an example. Suppose we want the function f such that

S+ g1 f'x) + o) f(x) =0 fO) =a, [f(O)=g

where g, and g, are defined in a neighborhood of 0. We shall assume
that they are sufficiently differentiable. Now our initial conditions
give us the first two terms of the Taylor expansion of f at 0:

f(x) = ag + a;x + higher-order terms (5.7)
Our technique will be based on the tacit assumption that the * higher-
order terms”’ are computable, and knowing enough of them will give

a usable approximation to the solution. Now, evaluating the differ-
ential equation itself at O gives us the second-order term:

710 + ¢,(0) /'(0) + g0(0)/(0) =0

or

1"(0) = —(9:(0)ay + go(0)ay)

s0

Fx) = a + ax — o go(0) + 2,9 (0))x? + higher-order terms  (5.8)

Differentiating the differential equation will give an identity express-
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ing f in terms of lower derivatives, so we may continue,
() + g1(f (%) + g1()f"(x) + go(x)S(x) + go(x)f (x) = 0
SO
f"(0) = —(91(0) + go(0))a; — go(0)a + 9,1(0)(9:(0)as + go(0)ao)

= (91(0)* — g1(0) — go(0))a; + (90(0)g4(0) — go(0))ao
and so we have the third term of the Taylor series of f:
J(x) = ao + a;x — H(aog6(0) + a195(0))x*

+ 3[(91(0)* — 91(0) — go(0))ay + 96(0)9+(0) — g5(0))alx>

+ higher-order terms

Example

9. Perhaps an explicit calculation is in order. We shalil find an
approximate solution of:

Y+ -1y +xy=x (5.9)
0O =0 y@©0)=2

The solution thus begins f(x) = 2x + --+. f"(0) is easy to calculate
by substituting the initial conditions into Equation (5.9):

) =2x+ X2+

Differentiating (5.9), we obtain
P+ 2xy + (P =Dy +y+xy - 2x (5.10)
Evaluating at 0 we find f”(0) =f"(0) — f(0) = 2. Differentiating
(5.10) and evaluating at 0, we obtain f’(0) = 2; once again gives
£3)0) = —10. Thus, to five terms the Taylor expansion of the
desired solution is

F(x) = 2x + x2 + 3x* + £ x* — 5 x° + higher-order terms

Admittedly this is not very glamorous, but it is computable! The phrase
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“higher-order terms” represents the error between the fifth-degree poly-
nomial exhibited above and the actual solution. That polynomial is com-
pletely meaningless without some estimate on the error incurred. But our
method gives no hint as how to estimate. So, in the hope of being able to
give more form to the “higher-order terms,” we will try a more brazen
approach: we begin by assuming that the desired solution is the sum of a
convergent power series (its ‘ full Taylor expansion”’) and we try to find the
coefficients. If f(x) => 2, a,x", then differentiating term by term we
obtain

£ = 3 nagx

F1(x) = i n(n — ax"2

n=2

F®(x) = ij nn=1)(n—k+ a,x""*

We make these substitutions into the given differential equations and
solve for the {a,} by equating the coefficients of f ®.

Let us reconsider (5.9). Let f(x) =) %, a,x" be the desired
solution. The statement of the problem becomes

izn(n —Da,x""% + (x> - 1) ila,,x""1 + cZo:oa,,x” -z2=0 (511)
a,=0 a, =2

The coefficient of x* in the left-hand side of (5.11) is

(k+2)(k + Dayyp + (k= Da_y — (k + Dayyy + @y

Thus we have to solve these equations

a,=0
a =2 (initial conditions)
2, —a; =2 (k=0)
32a;4+ay,—2a,=0 k=1

4.3a4 + 2(11 - 3a3 = O (k = 2)

nn—Da, +(n—2)a,_3s—(n—1a,_, =0 (k=n—2)
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We can solve, because each equation can be written in the form

_ (n—1Na,_ —(n—2)a,_;
a, = n(n = 1) n>?2 (5.12)

However, we have an added advantage in that we can make a guess
at an estimate for the general term a,. In fact, we assert

n

las| < /3! (5.13)

([x] = largest integer less than or equal to x). This is in fact true for
n =0, 1, 2; we verify it in general by induction.

(n — Dla,_4| + (n — 2la, s

<

1
< ;(Ian—ll + la,-3l)

< ] 2n—1 + 2n—3 )
“n ([(n - 1)/3]! " [(n—3)/3]!

Now, since

o523 L[
SO

B

Similarly,

B!

Thus,

0 = m @ ) S



418 5 Series of Functions

This now tells us a lot. For, the solution to the problem in (5.9)
differs from

2x + x% 4 1x® — fx* — &b

by at most ) . ¢ 4, x", where the g, satisfy (5.13). Thus the error is

dominated by

n 23k,x|3k 23k+1|x|3k+1

L =2, —

ns6 [n/3]! k=2 k!
< (1 +20x] + 4lxI?) - (exp2lx])* — 1 = (2[x])*)

3k+2,[3k+2
27" x|

+ 2

k=2 k' k>2 k'

Hence in the interval 0 < x < 1 the solution is given by the above
polynomial except for our error of at most 7e* (which is about 52)!
The reader is forgiven if he is unimpressed with our estimate, but he
should not go so far as to discard the technique for this reason. For
the paucity of our results is due to laziness rather than the uselessness
of the Taylor development. If we pushed this procedure up to 1000
terms (an easy task for a computer), then the error would be at most
7e? - 21909/1000! which is less than (50)~°°°; a good estimate indeed.

Let us recapitulate the basic ideas. We are given an initial value problem:
k-1 .
Y9+ ¥ gy = h(x), y(0) = co, YO = e, .., y4TO) = €y

We replace the g’s and h by power series expansions and test the ““ solution”
f(x) =) a,x". The first k terms are found from the initial conditions,
and the rest are found by equating the coefficient of x" on both sides of the
equation. This leaves us with these problems to resolve:

(i) Can we represent the given g’s and / by power series ?
(i1) Can we differentiate a power series term by term?
(iiiy How do we multiply power series? (In the above illustration, the
g’s were polynomials, so there was not much difficulty.)
(iv) Can the system of relations between the a,’s really be solved uniquely ?
(v) Can we effectively estimate the error between the solution and a finite
part of its (supposed) Taylor expansion?

Little by little, we will resolve these problems. Suffice it to say that the
answer to (i) in general is No (see Section 5.8). However, in problems that
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do arise naturally, the given functions usually are sums of convergent power
series. If this is the case, all other questions can be satisfactorily answered;
that is, the solution also is the sum of a convergent power series whose co-
efficients can be determined by the above technique and the estimate on the
remainder can be effectively computed. Let us look at another illustration.

Examples

10.

x3ym + xzyn + xy' +y= e~ (514)

yoO=1 yO@=1 »0=1/6

Let the solution be f(x) =)= .a,x". Substituting in (5.14), we
obtain

o

Y n(n—1)(n—2)a,x"+ Y n(n—Da,x"+ Y na,x"+ 3 a,x"
n=0 n=0 n=0

n=0
0 x"
= Zoi
which gives these equations for the coefficients:
1
a(n(n—=Dn—-2)+nn—-1+1)= 0 for all n
or
L (5.15)

T =2 —n+ 1)

Notice, that we have not used the initial conditions and fortunately
they conform to the requirements (5.15). That is, for this particular
equation, there is a unique solution independent of any initial con-
ditions. This does not contradict any previous results because
Picard’s theorems do not apply (since the leading coefficient is nor
invertible).

11.

y'—xy +2y=0 (5.16)
y0y=1 y(©0)=0
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Here Picard’s theorem does apply, so we should get a unique solution
with the given initial conditions. Let f(x) = > 2, a,x" be the candi-
date. (5.16) becomes

Y n(n—1Da,x"" 2= Y na,x"+ Y 2a,x"=0
n=0 n=0 n=0

or

Ao = 1 a; = 0

(n+2)(n+ Da,,, —na, +2a,=0 n=0

or

_ (n - z)an
= I DM+ 1)

Thus a, = —1, a3 =0, a, =0 and thus all further coefficients are
zero. The solution is f(x) = 1 — x2.

In the next section, we shall fully develop the theory of power series. It
is most advantageous (as we have already seen) to do so in the complex
domain.

o EXERCISES

6. Find an approximate solution for
Yy —xy=0 y(0)=0 y(©0)=1

with an error of at most 10-* in the interval [—1, 1}.
7. Do the same for

y —xy=1 »0)=0 y(©0)=0 y(©)=0

with an error of 1072 in [— 4, }].
8. Find a recursive formula for the coefficients of the solution, and a
reasonable estimate:
@ Yy —2y+y=0y0)=1,y(@0)=0.
(b) ¥y —=2y"+xy=¢%y0)=1,)0)=1
(©) »y* 4+ y =1, arbitrary initial conditions.
d) y —k*y=0.
() y =x*+xy, ¥(0)=0.
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® PROBLEMS

12. Why doesn’t Picard’s theorem apply to Equation (5.14)?

13. The second-order equation xy”+ 3y =0 seems to have only one
solution by the series method, but two independent solutions by the method
of separation of variables. Explain that.

5.5 Power Series

We have already discussed at length the power series expansion of the
exponential and trigonometric functions, the geometric series and some others.
We have also seen that the Taylor formula produces a power series expansion
for suitable functions. We have observed that there is a certain disk corre-
sponding to each power series, called the disk of convergence. The series
converges inside that disk and diverges outside. We shall recollect all this
information as the starting point of our discussion of complex power series.

Theorem 5.6. Let ¢, be a sequence of complex numbers. There is a non-
negative number R (called the radius of convergence of the power series ) ¢, z")
with these properties:

@) Yo c,2" diverges if |z > R.
(b) D2, c,2" converges absolutely and uniformly in any disk {ze C:
|z]| < r} withr < R.

R has these two descriptions:

(1) R=1Llub. {t: |c,|t" is bounded}.
(i) R = (lim sup(fc,))'’") ™"

Proof. For at least part of the proof we could refer to Proposition 9.  As in that
proposition we consider the set

{t =>0: there is an M such that M > |c,| t" for all n}

If this set is unbounded, we can take R = oo, otherwise, let R be the least upper

bound of this set. .
(a) Suppose |z| = R. Then there is a ¢, |z{ >t = R such that {|c,|¢"} is un-
bounded. Since lcal 12" = |cal t" for all n, we cannot have lim ¢,z" =0 so S caz"

diverges.
(b) Let r <R, A={zeC:lz|<r}. Then there isat r<t<R such that
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{lea|t™} is bounded, say by M. If |z] <,

leaz") = lcal 17 \ : ‘ < M(f)"
t t

Thus, letting || + || be the uniform norm for C(A), we have licaz"|| < M(r/t)". Since
rlt <1, 3 {(r/t)" < %, so by comparison . c,z" converges absolutely and uniformly
in C(Q).

Further, by definition, R is given by (i); the more esoteric formulation (ii) we
shall leave as Problem 14,

Examples

12. If ) ¢,z" is a given power series with radius of convergence
R, the question may arise: what happens on the circle |z = R? The
answer is that practically anything can happen.

(a) If the sequence {c,} is summable, that is, Z |c,] < o0, then by
comparison ) ¢, z" converges uniformly in {|z] < 1}. Thus the series
Z(z"/nz) has radius of convergence 1 and converges uniformly in
{lz| < 1}.

(b) Y (z"/n) also has radius of convergence 1, but ) (1"/n) does
not converge, whereas Y, [(—1)"/n] does converge.

(¢) Y. z" has radius of convergence 1, but ) z” does not converge
for any z with [z =1 at all (lim z" # 0 if |z| = 1!).

Since no general assertion on the circle of convergence is possible,
we needn’t be concerned with the behavior of the series there (except
in particular cases).

13. The geometric series Y .2, z" is a power series with radius of
convergence 1. This series converges to (1 —z)~! uniformly and
absolutely on any disk {ze C: |z| < r} with r < 1. Thus

1 =+
=Yz for|zl<1
n=0

1—z
Nowletae C,a+#0. Then

1 1 1 _lw(z)"_i z"
a—z a [1-(zja)] a.“o\a)l  Soat!

This convergence is assured in the disk {z e C: |z| < |a|}.

14. The series ) .2, (z"/n!) has infinite radius of convergence.
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Thus the sum is a continuous function on the whole plane, denoted
e® since this sum does converge to the exponential function for real
values of z. We have seen that, for real x, e = cos x + i sin x. We

can use this (or Taylor’s theorem) to obtain series for the sine and
cosine:

. o (ix)"
cosx +isinx= ) (—)
n=0 n!

0 x4k ) x4k +1 x4k+ 2 ) X4k+ 3

= a0t @D @y @)
i ( l)k 2k iy o (—1)"x2"+1
K=o (2k)! ¥=o (2k + 1)!

These series also converge on the entire plane. We can use them to
define the complex cosine and sine:

§ 2k o0 . ZZk+1
— _ inz = —1)f 5.17
cos z = Z( 1) n) sin z k;o( ) FTEmY (5.17)
We also have the equation
e =cosz+isinz (5.18)

for all complex numbers z (for the series will sum again that way).

15. Replacing z by —iz and iz, alternately, we obtain these other
interesting equations:

e° = cos(—iz) + i sin(—iz) = cos(iz) — i sin(iz)

e 7 = cos(iz) + i sin(iz)

Thus
£re _ cosiz) (5.19)
¢ _2e = —isin(iz) (5.20)

For real values of z, the left-hand sides of Equations (5.19), (5.20) are
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the hyperbolic cosine and hyperbolic sine, respectively. We can use
these expressions to define the complex cosh and sinh:

i ) ¢ —e *
sinh z =
2

coshz =

Because of (5.19) and (5.20), the complex trigonometric functions are,
on the imaginary axis, the hyperbolic functions:

cosh z = cos(iz) sinh z = —isin(iz) (5.21)

We should also note that the trigonometric identities imply the hyper-
bolic ones.  Since cos3(iz) + sin(iz) = 1, it follows from (5.21) that

cosh?z —sinh? z = 1 (5.22)
(see Exercise 10).

16. Y=, (z"/n") has radius of convergence 1. So does the series
@ n* (z"/n), for any integer k. We shall see later that the sums of
all these series can be given by closed expressions (such as ) z" =

1-27.

17. A polynomial function in C is given by a power series. In
fact, writing the polynomial p(z) = Y)_, a,z" is the same as giving
its power series expansion. What is more interesting is that any
point in C can be chosen as the center of a power series expansion for
p. Let z, e C and write

N
p(z) = Z,Oan(z — 2o + 2Zo)"
Using the binomial theorem this becomes
N
p(2)= Y a

n=0

;0 (?)(z —z0)'z5" (5.23)

All sums being finite, we may arrange terms at will. Thus we can
rewrite (5.23) as a sum of powers of z — z,:

N N
=3 Y a7 ) 2o

which is the desired expansion.
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More generally, any series of the form ) ., ¢,(z — zo)" will be called a
power series expansion centered at z,. Can we expand e® in a power series
centered at a point other than the origin? The answer is yes (cf., Problem
15), and the proof is like the one above for polynomials, but the question of
convergence intervenes after the analog of Equation (5.23) above. It is a
general fact that for any function given by a power series, we may move the
center of the expansion to any other point in the disk of convergence. The
truly courageous student should try to prove this now; it can be done. We
will give a proof later which is simple and avoids convergence problems but
requires more sophisticated information about functions defined by power
series expansions.

Addition and Multiplication of Power Series

Suppose f, g are complex-valued functions defined by power series ex-
pansions centered at a point z,. Then we can find series expansione for the
functions f + g and fg also. Addition is easy: if, say

f(2) =Y afz—z0)"  9(2) = L bz —z)"

then
(f + 9)2) = (a, + b,)(z — 2p)"

But to find the series expansion for the product requires a little more care.
Suppose that z, =0 (this involves no loss of generality). To say that
f(z) =Y a,z"is to say that in a certain disk A, fis the limit of the polynomials
YN oa,2". Similarly, g is the limit of the polynomials )\, b,2". Thus,
fg is the limit of the sequence of polynomials (Y N-o @,2")(Xn-0 b.2"). Now,
we can multiply polynomials easily,

N N N N
( Y a,,z")( Y b,,z") =Y ¥ ab,z"™"
n=0 n=0 n=0m=0
If we collect terms in this expression to form a series of powers of z we do not

get a very aesthetic expression, but if we take some terms from the next few
polynomials in the sequence we obtain a reasonable expression.

kgo (H;:ka,, b,,,)z" (5.24)

We could hope that fg is the limit of this sequence of polynomials. Thisis a
reasonable hope; for even though we have modified the original sequence
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of polynomials we have neither added nor deleted from the series represented
by that sequence. In fact, by making careful use of this fact, we can verify
that fg is the limit of (5.21).

Proposition 3. Let f(z) =) a,z" g(z) ==, b,z" and suppose r is
less than the radii of convergence of both series. Then

@) (f+9)2) =Y. (a, + b,)z" uniformly and absolutely in
A={zeC:|z| <r},
(i) (f9)(@) = Y% oYt me=r B b)2* uniformly and absolutely in A.

Proof. Let puz) = Dk-o axz¥, qu(z) = k-0 buz*. By hypothesis p, ~7, g, —g
uniformly in A. Thus p,+ g, —f+ g, png. —fg uniformly in A (Problem 2.55).
Since

pn(z) + Qn(Z) = Z (an + b,.)Z"

k=1

(i) is proven.
(i) Let

ro(z) = Z( S a:bf)z*

k=0\i+/=k

we want to show that r, — fg uniformly in A. We know that p,q, - fg so it would
seem worth our while to compute p,g, — r. But that is easy,

2n
PuGn—¥n= Z( z aibj)zk

k=0\i+J=k
i>n

i>n

Now, each term on the right is of the form a;b;z'*’ with i >n or j >n. Thus,
computing norms on A ={ze C: |z] <r},

Hpnqn—rnus( S ua,zfu)(z" ub,zfn)
(=n+1 j=0

2n 2n
+ (Z HmZ'II)( Hbjzfil)
i=0 J=n+1

< ( 5 liallr‘) (Eovbmf) + (§0|a,|r') (13 ymri)

n
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Now, we know that > |a:| 1!, >%, |b,] #/ are finite. Let M be a number larger
than both. Given ¢ > 0, there are

(1) N, > 0 such that Z?:n.;.l |a,|r‘ <eifn ZNI,
(2) N> >0 such that > %,y by|r! <eif n >N,
(3) N3 >0 such that ||p,q, — fgll <eif n > N;.

These assertions follow from the known convergence of each case. Thus, if

n>=>max(Ny, N2, Na),

ll#n — g1l < 1l pagn — fgll + 1pagn— rall
<e+t (iéﬂlallr') (éoibﬂr’) + (lila,lr‘) (j=§+1|b,|r1)

<et+e M+M-e=QM+ e
the proposition is concluded.

e EXERCISES
9. Verify, in the way suggested in the text that cos? z 4 sin? z =1 is true
for all complex numbers z, and thus cosh? z —sinh? z =1 is always true.
10. Find a power series expansion for these functions:

(a) exp(z?) (e) e~ f: 1 i dt
(b) e*sinz (f) coshz

cos z .
© 1—2 (g) sinhz

(@) fx exp(t?) dt

11. Verify by multiplying the power series that e*** = e®e”.
12. From the addition formula for the exponential (Exercise 11), deduce

the addition formulas for cos, sin, sinh, cosh.

e PROBLEMS
14. If {c,} is any bounded sequence, then the maximum number, every

neighborhood of which has infinitely many members, is denoted lim sup c,.
Show that the radius of convergence of the series E c.z" is R=

(lim sup(lea)'") ™"
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15. Expand e in a power series about any point zo.

16. Assuming that (1 +x2)~'/2 can be represented by a power series
centered at 0, find it. Find the power series for arc cos x.

17. Assuming that tan x can be represented by a power series centered
at 0 and using the equation tan x cos x =sin x, find the power series ex-
pansion of tan x.

5.6 Complex Differentiation

An easy property of the exponential function is

*—1
T L (5.25)
z—+0 z
For
r_ v Z
€ ,z%n‘
SO
ez_l © zn—l © zn—l
= = 1
z ,.Z‘l n! +z(n;2 n! )

Now the term in parenthesis is a convergent power series, so is continuous
at 0. Thus, writing the parenthesis as g(z):

<1
lim& "= = 1 +lim zg(z) = 1
z—+0 r4 z—0

From (5.25) and the properties of the exponential it follows that

- 7z _ 1
lim exp(zo + 2) ~ exp(zo) = exp(z,) lim £ - exp(zo)
z=0 Z z20 2

The student of calculus will recognize the limit on the left as a difference
quotient and the entire equation as a replica of the behavior of the real ex-
ponential function. It might be a good idea to consider more generally such
a process of differentiation on the complex plane. This turns out to be a



5.6 Complex Differentiation 429

very significant idea, because there are many beautiful and useful ways to
represent functions which are so differentiable.

Definition 3. Let f'be a complex-valued function defined in a neighborhood
of zoin C. f'is differentiable at z, if

i D = 1(20)

020 Z— Zg

exists. In this case we write the limit as f'(zy). If fis defined in an open
set U and differentiable at every point of U, we say that f is differentiable
on U.

The usual algebraic facts on differentiation hold true in the complex
domain.

Proposition 4,
(1) Suppose f, g are differentiable at z,. Then so are [+ g and fg with
the derivatives given by

(f + 9)(z0) = f(20) + 9'(20)
(f9)'(20) = 1"(20)9(20) + f(20)g'(20)

(ii) Suppose f is differentiable at z, and f(zo) #0. Then 1/f is differ-
entiable at zo and (1)) (zo) = —f"(zo)/f (z0)*-

(iii) Suppose f is differentiable at z, and g is differentiable at f(z,). Then
g o f is differentiable at z4 and (g f)'(zo) = g'(f(2o)) [ (20).

Proof. These propositions are so much like the corresponding propositions in
calculus that their proofs will be left to the reader.

Examples

18. The function z is clearly differentiable, and z'(zy) =1 for all
Zy. A constant function is differentiable with derivative zero. Since
any polynomial is obtained from z and constant functions by a suc-
cession of operations as described in Proposition 4(i), all polynomials
are differentiable.

19. The function z is nowhere differentiable. For the difference
quotient (z — zp)/(z — z,), for z# z,, is a point on the unit circle
and as z ranges through a neighborhood of z; this difference quotient
takes on all values on the unit circle, so it could hardly converge.
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Sum of a Power Series is Infinitely Differentiable

Our introduction to this section was essentially a proof that e* is every-
where differentiable. It is in fact true that the sum of a power series is
differentiable in its disk of convergence. We now verify this basic fact.

Theorem 5.7. Let f(z) =) >, a,z" have radius of convergence R. Then
[ is differentiable at every point in the disk of radius R and

f'(z) = inanz"“ (5.26)
n=1

has the same radius of convergence as Y 2. a,z".

Proof. lim sup(n|a,|)*’® = lim(n)/* lim sup(|a.|)!" = lim sup(|a.|)'", so the series
> na,z"* has the same radius of convergence as the given series. We must show
that it represents the derivative of £, Fix a zo, |2zo] < R and choose ¥ > |z,]. The
series > nla.ir"~! converges absolutely, so given & >0 there is an N such that
Sasnntlas|r"~t <e. Now consider the difference quotient defining f”(zo):

Q=16 _ 5, (z"—z0")

Z— 29 n=0

If |z] <r as well as |zo| <¥, then

» a(zzz)

n>N

n
< Z |an| Zr"_“rk_lg Z nlau[r"—l <&
n>N k=1 n>N

Similarly, |>a>n na.z3 *| <e. Thus,

S(@) — f(20)

o
- Znanzﬁ'l
Z— 20 a=1

N
<2+ Z lan‘
n=1

n
Z Zn—kzli)_l _ zs—l
k=1

Now, by continuity, as z— z, the last term tends to zero. Thus, thereisa 8 >0
such that if |z — z,| < 8, the last term is less than &. Thus, for |z| <r and {z — zo
< & we have

f(2) — f(zo)

Z— 2y

— > nanzb~t| <3¢

which proves that the limit of the difference quotient exists and is given by (5.26).
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In particular, since f” is given by a convergent power series, it also is
differentiable, with derivative f"(z) = ) n(n — 1)a,z"~2, and so forth. We
thus obtain these results, which form the complex version of Taylor’s theorem
for sums of convergent power series.

Corollary 1. Let f(z) =) a,z" have radius of convergence R. Then [ is
infinitely differentiable in {z: |z| < R}. Furthermore, for every k the kth
derivative, f® is given by a convergent power series,

fP)= Y nm—1)(n-k+a,z"

n>k

Corollary 2. Let f(z) =Y, a,2" be convergent in a disk about 0. The
coefficients {a,} are uniguely determined by f:

10

n!

a, =

Notice that the definition of complex derivative is a genuine generalization
of the differentiation of functions of a real variable. Thus the same corol-
laries hold for functions of a real variable represented by power series:

Corollary 3. If f(x) = Y2, a.(x — xo)" in a neighborhood of x,, then f
is infinitely differentiable at x, and

F®(xo)

n!

n

o

O =Y (=1 (n=ka,x — x0)"™*
n>k

These corollaries are easily derived from the theorem and their proofs are
left to the student. Notice that the implication of Corollary 2 is that the
coefficients of a power series representation of a function are uniquely and
directly determined by the function. In particular, a function cannot be
written as the sum of a power series in more than one way. This observa-
tion allows us to easily verify the identity

cos?z +sin*z=1 (5.27)

For the function cos? z + sin? z is a polynomial in functions which are sums
of power series and thus is the sum of a power series. Its coefficients can
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be computed according to Corollary 3 just by letting z take on real values.
But the right-hand side of (5.27) is the Taylor expansion of cos? z + sin® z,
for real z, thus it must be the Taylor expansion for all z. Hence (5.27) is
always true.

The Cauchy-Riemann Equation

It is of value to compare the notion of complex differentiation with that
of differentiation of functions defined on R?, since R* = C. Suppose that
fis a complex-valued function defined in a neighborhood of z;, = x4 + iy, .
If f is differentiable as a function of two real variables, then the differential
df (x4, y,) is defined and is a complex-valued linear function on R% If f
is also complex differentiable, then

o) = lim IO =1

szo  Z— Zg

(5.28)

exists. Let z — z, along the horizontal line. Then (5.28) specializes to

J y0) = f(x0, o) _ % (X0, yo) (5.29)

f'(zo) = lim

xX—Xx0 X = xO
If we let z — z, along a vertical, we also have

0> - 0> 0 16
f(x0, ) = fx y)=? 5% (X0, Yo) (5.30)

F(z0) = yliIE, i(y — yo)

Thus the right-hand sides of (5.29) and (5.30) are the same. In conclusion,
a complex differentiable function must satisfy (when considered as a function
of two real variables) this relation

-

This is called the Cauchy-Riemann equation. More precisely, the Cauchy-
Riemann equations are found by writing f=u + iv and splitting into real
and imaginary parts. Let us record this important fact.

Theorem 5.8. Let f be a complex differentiable function in a domain D.
Split f into real and imaginary parts and consider f as a function of two real
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variables (z = x + iy). Then these partial differential equations hold in D:

o _1of
ox idy (5:32)
du ov du v (5.33)

x oy o

Proof. Equation (5.32) was observed above. Equation (5.33) follows from
(5.32) and the identities

of ou o of ou

ox ox lax oy 6y+18y

Notice that when fis complex differentiable, its differential is given by

&z, (¢ + i) =T cor+ 2 L s

=f'(zo)r + if’(zo)s
~ )+ 19)

Thus the differential of a complex differentiable function is a complex linear
complex-valued function.

We shall show, via the techniques of the next few chapters, that a complex
differentiable function can be written as the sum of a convergent power
series. Thus, just by virtue of the differential being complex linear, the
function has derivatives of all orders and is the sum of its power series.

e PROBLEMS

18. Prove Proposition 4.

19. Prove Corollaries 1 and 2 of Theorem 5.7.

20. Show that if fis an infinitely differentiable function on an interval
(—¢, ¢), and there is an M > 0 such that

[ o) <M alln allx —e<x<e

then fis the sum of a power series which converges in the unit disk.
21. Suppose f is a complex differentiable function in a domain in the
plane. Show that:
(a) if fis real-valued it is constant.
(b) if | f] is constant, then fis constant.
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22. Write the Cauchy-Riemann equations in polar coordinates. (Hint:
Differentiate along the ray and circle through a point.)

23. Suppose fi, ..., fx are given by convergent power series in a disk A.
If Fis a polynomial in k variables such that

F(fi(2), ..., f2)) =0 (5.34)

for real z, then (5.34) is true for all z in A.
24. Compute the limits of these quotients as z — 0:

arctan z cosz—1
@ — d) —5—
z z
® sin hz cos z
) sin z @ 1422
cosz— 1 sin z —tan z
(©) - (f) — n=0,1,2,3,4

25. Suppose f is a differentiable complex-valued function of two real
variables in a domain D. Show that fis a complex differentiable if and only
if the differential df(zo) is complex linear for all z, € D.

26. Suppose that f is twice differentiable in D, and is complex differ-
entiable. Show also that f’ is complex differentiable. Supposing that
(f’Y =0, show that fis a quadratic polynomial in z.

27. If f=u+iv is complex differentiable in D and twice differentiable,
then

5.7 Differential Equations with Analytic Coefficients

A function which can be represented as the sum of a convergent power
series at a point a € C will be said to be analytic at . We now return to the
study of linear differential equations in order to answer some of the questions
posed in Section 5.5. We can use the information in Section 5.6 to do this
and to provide the sought-for estimates. In particular, we shall verify the
following fact.
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Proposition 5. Suppose h, gy, ..., gx_y, 9, are analytic at 0. Then the
solution of the differential equation

k-1
YO+ Y gy +h(x)=0  yO)=a,,...,y*0) = a_,
i=0

is also analytic at 0; that is, in some disk centered at 0, it is the sum of a con-
vergent power series whose coefficients can be recursively calculated from the
differential equation.

We already know, from Section 5.5, how to compute the Taylor coefficients
of the solution; our business here is to show that the resulting series does in
fact converge. This, of course, involves producing the kind of estimate
required by Theorem 5.7.

Suppose then that %, go, ..., gi—: are analytic in the interval [x| <R. Then
Kx)= > a.x" gx)= 2 atx"
n=0 n=0

and for some positive number M, |a,| < MR™", la,)| < MR™" for all i and n. We
shall obtain the desired estimate in terms of M, R and the initial conditions. For
simplicity, we shall do the homogeneous case only (& = 0), leaving the general case
for the reader (Problem 27). If

fx) = éocn x"

is the desired solution, we have

Ay -1

co=ao,...,ck_1=(7_—1—)!

and the rest of the coefficients are found from these equations:
Sam—1) (n— ke, x"*
n=k

+ kij( i a,.‘x")( i nn—1) - (n—i)cn x"“) =0 (5.35)

i=0\n=0 n=1

Surely, the reader now has a pain in his stomach similar to that of the author as
he wrote this equation. Patience, dear reader—the fun has just begun! Equating
coefficients of x™ to zero, we obtain this recursive system of equations for the
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coefficients:

m(m__ 1)...(m—k)Cm
+ ,Zl mzka,f(m +i—(k+a)) - (m—(k+ )emsi-em =0
or
1 k=1 m—-k
T e M kD

L (m —_ (k + oc))a,‘c,,.“_(k“) (536)

By the restraints on i and e wehavem+i— (k+ o) <m+k—1—k=m—1,s0
the highest subscript of ¢ on the right is m — 1. Thus, given ¢o, ..., Cx—; We can
solve Equations (5.36) successively. We now try to find an estimate. For this
purpose assume M > 1, and let

a
C= max(K R(R—1)"'(R*—1),— ('j")w 0<1<k~—1)
The last condition on C is written so as to assure that
CM\/
feyl < R forj=0,...,k—1 (5.37)

We now prove this inequality for all m, by induction. Thus we use (5.36), assuming
(5.37) for all n < m:

k=1 m—k
|Cml < Z Z Iaa | lCma - (k+u)|

R

< 1 MmCm=1kzt (m—k+ 1)
—m R"F o R!

=m % 5o R°

1 k=1 m— kM(CM)m+l—(k+u)

Now Dz R-'=(R*— 1R *'—1D'=RR—-1)""(R*— DR* Thus

m—k+1M"  RQR—1) (CM\"
T T—T—(T)

by definition of C. By this estimate we see that f(x) = >, c. x" converges in the
interval {x: |x| < R(CM)~'}, and in that interval is the solution to our problem.
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We might perhaps have made a better estimate by more clever substitutions; but
our above estimates were sufficient for the results desired. In any particular case
we could usually be clever and obtain even better estimates.

Examples
20, Y+ +xy=0,p0)=0,y(0)=1.

We will find a polynomial which approximates the solution to within
107 on the interval [0.01,0.01]. Let ¥ ¢, x" be the supposed solu-
tion. By substituting the series we obtain

Y n(n— e, x""2 + ( Y x_)( Y nc,,x"'l) + Y e,x"tt=0 (538)
n=2 n=0 n! n=1 n=0

The initial conditions give ¢, = 0, ¢; = 1. Equation (5.38) becomes

c,,,=m(m;i1)('7221(m—1 )ml_i+cm_3)

i=0
Thus
c;=—%=-1%
c3=—%Q2cy+ ¢, +¢)=0
ca = —12(3c3 + 2c, + 3y +¢1) =55
¢s = —75(dcs + 3c3 + o + 0+ ) =135

and so forth. The question is not really what the coefficients are
(that is to be left to a machine)—but how many coefficients need to
be computed. The coefficients appear to be bounded (we could in
fact show that they must be, cf. Problem 29). Let’s try to prove that
lc,| < K for all n by induction. We have

1 miz L (m — e | + -3l
|cm| (m _ 1) m—1—i m-3
K /m=21 ) K(e 1)
— +1
= m (igo i! m

so long as m > 4. Thus we may take for K a bound for the first
four terms, that is, ¥k = 1/2. Then the difference between the solution
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and the kth partial sum of its Taylor expansion is dominated by

1
— Ix|

2 ledd IxI" < Z IxI" =5 | I"
nzk

for |x| < 1. The interval we are concerned with is x| < 1071 so our
bound on the error is

10 1
Lo 0—k+1
9 181

1
10*

N =

This is less than 1077 if & = 6, thus (computing also ¢¢) the solution
differs from

x — 3x% + Apx* + 13ox° — 555x®
by at most 10~ for all values of x in [ —0.01, 0.01].

21. Suppose we needed that good an estimate in the interval
[—1,1]. Itis easy to see that just knowing that the coefficients are
bounded is not good enough. We have to know that |c,| < Kr" for
some r <1 and some K. Let’s try r =4. That is, we attempt to
verify by induction that |c,| < 27" for all n. Now, using the equation
defining {c,},

ot ('"‘Z(m—l—i). K_ K)
" _m(m—l) il gm—i=i ’ om-3
K - 1
< —- -
m 2" (Z‘ i! )
e+4 K
< .

m 27!

This is less than 2™ ™K as soon as m > 2(e2 + 4), or m > 26. Thus
the induction step proceeds as soon as m > 26; we need only choose
K so that the inequality holds for all m < 26 (K =2 will do). Thus
lc,] < 1/2"~! for all n. The desired solution differs in the interval
[—1, 1] from its kth-order Taylor polynomials by

1

® 1
G(Iy|< Tl < 5= 3 7 <
n>k n>k n=0
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This is less than 107% if k is 19. Thus we need to compute 19 terms
of the Taylor expansion to find the desired approximation.

22. Compute the solution of

1
Y+ (m)y +ey=0 y0)=1 y(@©0)=

to an accuracy of 1072 in the interval [—1,
Let f(x) =) 2, c,x" be the solution. We have these equations
for the solution:

c=1,¢=0

[

. -1 n-2 . n=2 1 \
i (i;)(n —1=i)cpg—i + iZO A Cn—z-i) (5.39)

We will show by inductions that the {c,} are bounded. Suppose that
le,] < K for all n <m. Then

1 m—2 m—21
<— —1-9)K - K
lewl < m(m — 1) (i;o(m DK+ i;’ i! )

<m(m (Z”) (mK—l)[m(”;_l)”]

{3+ ) =X

as soon as m > 3. Thus we can take K as a bound for the first four
terms. We have from (5.39) ¢, = —1, ¢; =0, so we may take K = 1.
Then the estimate of the remainder after k terms in the interval

[-%4]is

1 1
L o=
Lol % 5 5
This is less than 10~3 when k = 10, so we need 11 coefficients. We
compute

— 1 — 1 — 13
=1 =725 Ce=7z¢ °clC
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Up to six terms (giving at most an error of 1/64), our solution is

{ x2+x4+x5+13x6+”.
2 12 20 1720

o EXERCISES

13. Find a power series expansion for the general solution in a neighbor-
hood of 0 for this equation,

(—=x®y —2xy' +k(k+1)y=0
14. Find a power series expansion for the general solution of
y —2xy +2ky=0

15. Find the power series for the function y = f(x) such that
@ y+ey=x* y0)=1, y0)=0
® P?=y, »0)=0
© OP=wp" y0=0, Yy@=1
@ »+2xy*=0
16. How many terms of the power series for the solution y do we need:
(a) for an accuracy of 10-3 in the interval (—$, %) in Exercise 3(a)?
(b) for an accuracy of 10~3 in the interval (— 10, 10) in Exercise 3(a)?
(c) for an accuracy of 10~ in the interval (—0.1, 0.1) in Exercise
3(b)?
17. For what k are the solution of Equations (5.1), (5.2) polynomials?

e PROBLEMS
28. Generalizing the argument in the text prove this theorem:

Theorem. Ifh, go, ..., gk-1 are analytic in an interval (— R, R) about the
origin, then any solution of the differential equation

k—1
yW+ 2 gy =h
r=0

can be expressed as the sum of a convergent power series in a neighborhood
of the origin.

29. Suppose that g, h are convergent power series in some disk {|z| < R}
with R >1. Show that the solution of the linear differential equation

Yy +gy+hy=0 (5.40)
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is the sum of a convergent power series with bounded coefficients.

30. If the power series g(x) = > asx", h(x) = b,x" both have infinite
radius of convergence, then so does the series expansion of the solution
of (5.40).

5.8 Infinitely Flat Functions

Not all functions are susceptible to the kind of Taylor series analysis
which we have been doing. A first requirement is that the function have
derivatives of all order; even that however is insufficient. Another glance at
Theorem 5.6 will remind the reader that there is a behavior requirement on
these successive derivatives in order that the given function be the sum of its
Taylor expansion. We shall show by example that there are infinitely
differentiable functions which are not sums of power series. First, we shall
make the notion of analyticity precise.

Definition 4. Let f be a complex-valued function defined in an open set U.
Let ae U. fis analytic at a if there is a ball {z: |z — a| <r} centered at a
such that fis the sum of a convergent power series in this ball. f is analytic
in U if f is analytic at every point of U.

We have deliberately stated this definition without reference to the domain
of definition of the function; it applies equally well to functions of a real or
complex variable. The only functions which we know to be analytic are
the polynomials and e*. For example, if f is the sum of a convergent power
series at the origin, we do not yet know that we can expand fin a series of
powers of (z — @) with a any other point in the disk of convergence. We
shall see in the next chapter that this is the case. We have already seen that
an analytic function has derivatives of all orders (is C*) and now we will
produce a C* function which is not analytic. The clue to this function is
given by the following fact, which follows from I’Hospital’s rule.

Proposition 6. lim P(t)e™" = 0, for any polynomial P.

t— o
Proof. Problem 31.

The function we have in mind (Figure 5.1) is defined by

1
exp(—;) x>0

0 x<0

a(x) = (5.41)
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Figure 5.1

o is certainly infinitely differentiable at any point x, # 0, so we need only
consider its behavior at 0. Now,

e™x)=0 x<0 alln

Thus all derivatives of ¢ from the left exist at 0. We have to show that all
derivatives from the right exist and are zero. More precisely we must prove
that for all »,

(n) —
lim o) = a©) _,

x—0 X
x>0

(5.42)

We do this by induction. The case n = 0 is easy:

1 1
lim o) = lim —exp(— —) =limte " =0
x—0 X x—=0 X X t— oo

x>0 x>0

To do the general case we must have some idea what ¢™(x) looks like for
x>0. Now

6 6 1 1
(3) —_ e f— e — —
a?(x) (x“ + o + x5) exp( )

X

A pattern seems to be developing.
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For each n there is a polynomial P, such that
™ 1 1
o'"(x) =P, o exp| — 3 for x>0 (5.43)
This can be verified by induction. Assuming (5.43), we compute
1, -1 1 1y -1 1
e+ = pr{2) - 22 = )= -
) (x) "(x) = exp( x) + P,,(x) > exp( x)
-1 1 1 1
=—|P|= = -
= () +25)) ool =)
1 1
e ffoel-}
X X

where P, (X) = —X*P,(X) + P,(X)). Now that we have this, (5.42)
follows immediately from Proposition 6:

o™(x) — a™(0)

. L1 1 1 .

lim = lim - P,,(—) exp( - —) = lim tP,(t)e =0
x=0 X x=0 X X X t= o
x>0 x>0

Thus o is also infinitely differentiable at 0. But it is certainly not analytic.
Its Taylor expansion is ) =, 0 - x* which converges to o(x) only for x <0
and provides a poor means for approximating the value of a(x) for x > 0.

However, the fact that infinitely differentiable functions exist with this
property has its bright side. The following construction will prove to be
useful.

Lemma. Given a < b, there is a C* function t,, such that
) O0<t,(x0)<1  foralx,
(i) T,(x)>0 ifa<x<b,

(iil) 7,4x)=0 ifx>b or x<a.

Proof. (See Figure 5.2.) o(x(1 — x)) has the required properties of 7o,. We
then define

7aa(®) =m(§—}§) =°((;:Z)(‘ ‘2:3))
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| L

T T

’ a

Figure 5.2

Theorem 5.9. Let [a, b] be a given interval and Uy, ..., U, a finite collec-
tion of open intervals covering [a, b]. There exist C* functions p; such that

i 0<px)=<1 for all xe R, all i,
(i) pix)=0 ifx¢U,
(i) Y pix) =1, for all x € [a, b].

Proof. let Ui=(a:, b)), and take 7,=7,p,. Then 7(x) =Z 7(x)>0 if
x€(a,b). Let

D e a, b)
= {7 T
0 x ¢ (ai, by)

The p; then have the desired properties.

e PROBLEMS
31. Prove that for any polynomial P, lim P(t)e~* =0.

t—=+ @

32. Let o be defined by (5.31). Define

f T — 1) dt
w(x) = —

f (1 — 1) dt

Show that (a) w is C*, (b) 0 < w(x) < 1, for all x, (¢) w(x) =0, if x <0,
@ wx)=1,ifx>1.

33. Using Theorem 5.9 it can be shown that any continuous function is
the limit of C® functions. Letfe C([0, 1])and ¢ > 0. Find a C* function
g such that || f— gl <e.

Here’s how to do it. First pick an integer N > 0 such that | f(x) — f(»)|
<egf2 if |x —y|<1/N. Now cover the interval [0, 1] by the intervals
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Uo, ..., Uy, where

i—1 i+1
U'_(—I—V_’T)

and let py,..., px be the corresponding functions of Theorem 5.9. Let
N )
9x)=2f (N)pl(x)

For any x, x is in only two of the intervals (U}, say U,, U,+;. Then

| f(x) — g(x)! = pr(x) g

1
f(X)—f(ﬁ) \ + pre1 f(x)—f(r%) ’ <§+

59 Summary

Let {f,} be a sequence of continuous functions. The series formed from
the f, is the sequence of sums {}7_, f;}. If this sequence converges, we
say that the series converges and denote the limit by Y =, f,. The series
converges absolutely if Y., |fill < co. The Cauchy criterion for series
asserts that the series converges if and only if the sums Y/, ., fill can be

made arbitrarily small by choosing m, n sufficiently large.

COMPARISON TEST. If there is a sequence {p,} of positive numbers and an
integer N > 0 such that

@ Il <p fork=N
@) Ype<o

then ) f, converges absolutely.

INTEGRATION. If Y f, converges, so does Y. {7 f, and

[(z)=2(/ #)

FUNDAMENTAL THEOREM OF ALGEBRA. If P is a polynomial:

P(Z)=anz'l+...+alz+ao (5.44)
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with @, # 0. Then P(z) has a complex root. If r, ..., r, are all the roots
of P, then corresponding to each root there is a positive integer m; (called

the multiplicity) such that

@ m+-+m=n
() P@)=@E—r)™ - (z—-r)™ (5.45)

To the polynomial P given by (5.44) we associate the constant coefficient
differential operator Lp:

Lf)=a,f"+ - +af +aof
P is called the characteristic polynomial of Lp. These formulas are valid:
LP+Q=LP+LQ LPQ=LPLQ

If (5.45) is the factorization of P, then the kernel of Lp, the collection of
solutions of Lp(f) =0, is spanned by the functions

er1x xml—lerlx
PR
er;x , xmz— lerzx
5 e
erkx xmk— lerkx
9 sy

Let {c,} be a sequence of complex numbers. There is a nonnegative
number R (called the radius of convergence of the power series Y c,z") with
these properties:

(@) Y c,z" diverges for |z| > R.
(b) Y c,z" converges absolutely in {|z] < r} for r < R.
(© R = [limsup(le,)*"]7*.

If f(z) =) a,z" g(z) =) b,2" in the disk {|z] < r}, then
1@+ () = 3 (@ + be"
1@0@ = 5 ( 5 aba)et
k=0 \n+m=k

in that same disk.
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If fis a complex-valued function defined near z, in C, we say that f is
complex differentiable at z if

IR(GET GNP

Z—Zo

exists. The sum of a convergent power series is complex differentiable at
every z, in its disk of convergence. Furthermore, the derivative is the sum
of the derived series:

[@=Faz  f@)= 3 e

Thus the sum of a convergent power series is infinitely differentiable. A
differentiable complex-valued function of two real variables is complex
differentiable if and only if it satisfies the Cauchy-Riemann equations:

If h,go,...,9, can be represented as sums of convergent power series
in a disk centered at zero, then the same is true for all solutions of the differ-
ential equation

k-1
YO+ ¥ g y?+h=0
i=0

Furthermore, once given the initial conditions
¥ =ay,...,y* V0 =a,_,

the coefficients of the power series can be recursively calculated using the
differential equation.

Given any finite covering of the interval [a, ] by open intervals U, ...,
U, we can find C* functions py, ..., p, such that

@@ 0<p, <1
(b) p; =0, outside U;
(© Y pdx)=1"forall xe[a,b]

These functions are called a partition of unity on [a, b] subordinate to the
cover Uy, ..., U,.
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® MISCELLANEOUS PROBLEMS

34. Find a sequence {f;} of continuous nonnegative real-valued functions
defined on the interval (0, 1) such that f(x) =272, fu(x) exists for all
x € [0, 1], but fis not continuous.

35. For |z| <1, define

[\%E]

Zk
Inz=> =
nz %

k

1

Show that for all such z, z =1 — exp(In(l — z)).
36. Show that the series

L z

n=1(z — n)*
converges to a complex differentiable function in the domain
c—{1,2,...,n,...}.

37. Show that exp(z) =lim (1 + z/m)*. (Hint: Compute the power
m—* o0
series expansion of (1 4 z/m)™.)
38. Show that a real polynomial of odd degree always has a real root.
39. Let w =exp(2mi/n). Show that

1—-z"=(10 — wz)(l —w?2): (1 — w"2)
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40. Let P be a polynomial. Show that P is the square of another poly-
nomial if and only if every root of P occurs with even multiplicity.

41. If P, Q are two polynomials, P divides Q if and only if every root of
P is a root of O with no larger multiplicity.

42. Suppose P is a polynomial of degree at least two. Show that there
is a ¢ such that P(z) — ¢ = 0 has at least one multiple root. (Hint: Con-
sider P’ as defined in Problem 10. If P’(a) =0, take ¢ = P(a).)

43. Let f1, ..., f» be functions in C(X). Show that these functions are

independent if and only if there are points x,, ..., x, such that the matrix
(fi(x;)) is nonsingular.
44. Show that the functions e™, xe™, ..., x"¢'* are independent.

45. Show that if P, Q are polynomials, S(Ly) < S(Lo) if and only if P
divides Q.

46. If P is a polynomial of degree at least two, there is a ¢ € C such that
the equation Ly f = cf has a solution of the form xe"*.

47. If a linear differential equation has polynomial coefficients, it has
global solutions on all of R.

48. Let {cs} be a sequence of complex numbers such that z lea| < 00.
Let f(z) = >0 caz". Prove that |co| is not a relative maximum of |f],
unless all other coefficients vanish.

49. Suppose the function

f(x,») =x*—y* +iv(x, y)

is complex differentiable. Find v.

50. If fis a polynomial in x, y which is complex differentiable, then
f(x, y) has the form Q(x + iy), where Q is a polynomial. (Hint: Substi-
tute x =(z+ 2)/2, y = (z — 2)/2, and use the Cauchy-Riemann equation.)

51. Suppose fis a C? complex-valued function defined on a domain D
in C. Show that if f and fz are both harmonic, then fis complex differ-
entiable.

52. If f, g are complex differentiable and | f|> + |g|? is constant, then both
[, g are constant.

53. Suppose that f is a one-to-one mapping of a domain D < C onto
Ac C. Let g: A— D be the inverse of f£. Show that if f is complex
differentiable, so is g.

54. We may consider the function e* as a mapping from the plane to
the plane. Let z =x + iy, u =Re %, v =Im ¢*; that is

=e*cos y v=e*siny

(a) Show that this mapping maps the lines x = const. on the circles
centered at the origin, the lines y = const. go onto the rays through the
origin.

(b) Show that in any interval {a <y < a+ 2=} this mapping takes
every value precisely once.
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(c) In particular, e maps the horizontal strip {— 7 < y < 7} one-to-
one onto the entire plane except for the negative real axis. Call this
domain D. Define the complex logarithm log z: D —{—7 <y <7} as
the inverse of this mapping. Show that log z is complex differentiable
and

1
(log) z = -
z

Show also that log z can be represented by a power series centered at 1
in the disk {|z— 1| <1}. (Recall Miscellaneous Problem 35.) Notice
that this provides a way for extending real functions to the complex
domain besides that of power series. For example, the power series
expansion about 1 of log x extends it only to the unit disk centered at 1.
The above extension of log is defined in the entire plane except the
negative real axis. This process is called analytic continuation.
55. Consider z? as a mapping of the plane into the plane. Show that it
maps the open right half plane one-to-one onto the domain D of Problem 54.

Let4/z be the inverse, and show that Vzis complex differentiable. Provide
a similar discussion for the mapping z".

56. Discuss the mapping properties of cos z, sin z.

57. Show that the power series expansion of the solution of Exercise 8(d)
with initial values y(0) = 1, y'(0) = 0 does not converge outside the unit disk.

58. Suppose that f, g are complex-valued functions defined on the interval
I. Show that

f@)
rz—g(t)

is complex differentiable and can be represented by a power series at any
point of the image of g.

59. If fis C' in C X X and for each fixed x, f(z, x) is differentiable in z,
then

F(t) = f £z, %) dx

is also complex differentiable.

60. The equation of Exercise 6 is called Legendre’s equation and the
solutions { fi} for integral k are called the Legendre polynomials. They have
this interesting property:

f‘ S fo(X) dx =0 ifms£n



3.9 Summary 451
To prove this we must observe that Legendre’s equation may be written as
(A =x¥)yY +ktk+1)y=0

Thus
[ mhe—— | (- st
M T mm 1)y )

1 1
=D, 0L ds

by integration by parts. Now do the same, interchanging m and n.
61. Let P be a polynomial of degree d. Show that f(z) = e?® is complex
differentiable. Show that f™(z)e~** is a polynomial of degree n(d — 1).
62. Show that the polynomial

o (exp(—x?))

exp(x?)

solves the differential equation y” — 2y’ + 2ny =0.
63. (a) Find a C* real-valued function f defined on R" with these
properties:

() 0< f<l
() f()>0if (Ix — xoll <R
(iii) f(x)=0if [x — x| =R

(By C* we mean all higher-order partial derivatives exist and are con-
tinuous.)

(b) Let X be a closed set in R", and suppose By, ..., B, are balls in
R"such that X < B, U **+ U B.. A partition of unity on X subordinate to
B, ..., B, is a collection { fi, ..., fo} of C* functions such that

Ho<figl
(i) fix)=0if x ¢ B,
(i) D, filx)=1ifxe X

Find such a partition of unity.
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